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NEMATIC SMECTIC-A T R I C R I T I C A L  POINTS FOR 
NONSEPARABLE INTERACTIONS. 

L .  LONGA and  J .  KONIOR 
J a g e l l o n i a n  U n i v e r s i t y ,  I n s t i t u t e  o f  P h y s i c s ,  
Reymonta 4 ,  Krakow, Po land  

A b s t r a c t  R e a l i s t i c  i n t e r a c t i o n s  i n  l i q i i i d  c r y s t a l s  
depend n o t  o n l y  on t h e  r e l a t i v e  o r i e n t a t i o n  of  t h e  
m o l e c u l e s  b u t  a l s o  on t h e  o r i e n t a t i o n  o f  t h e  r a d i u s  
v e c t o r  c o n n e c t i n g  m o l e c u l a r  c e n t e r s .  The l a s t  fea tu1 .e  
of  t h e  i n t e r a c t i o n s  i s  commonly r e f e r r e d  t o  as  rioric;e- 
p a r a b i l i t y .  I n  t h i s  p r e s e n t a t i o n  w e  a d d r e s s  t h e  
q u e s t i o n  how n o n s e p a r a b i l i t y  i n f l u e n c e s  t h e  nemat ic  - 
s m e c t i c  A t r i c r i t i c a l  heha \  i o u r  i n  c l a s s i c a l  ariJ 
s t r o n g l y  p o l a r  l i q u i d  c r y s t a l s .  W e  s tud>-  t h e  i r i f l t , -nce  
o f  t h i s  e f f e c t  on t h e  c l a s s i c a l  n e n a t i c - s m e c t i c  ?I arid 
t h e  n e m a t i c - s m e c t i c  A 2  phase  t r a n s i t i o n s .  D e t r = i l e d  
c a l c u l a t  Lons are p r e s e n t e d  f o r  some mean-f i e l d  f I tse 
e n e r g i e s .  

I N T R O D U C T I O N  

I n  m i c r o s c o p i c  t h e o r i e s  o f  l i q u i d  c q s t a l  p h a s e s  t h e  

m o l e c u l e s  are usually d e s c r i b e d  as a x i a l l y  s y m m e t r i c ,  r i g i d  

r o d s .  A l though  t h e s e  a s s u m p t i o n s  c e r t a i n l v  a r e  n o t  c o r r e c t ,  

i n  t h e  r i g i d  r o d  model a minimal  number o f  r e l e v a n t  d e g r e e s  

o f  f reedom is  p r e s e n t .  Namely, a m o l e c u l e  c a n  be  s p e c i f i e d  

by t h e  p o s i t i o n  o f  i t s  c e n t r e  o f  mass arid by t h e  u n i t  v e c t o r  

R d e s c r i b i n g  t h e  o r i e n t a t i o n  o f  t h e  l o n g  m o l e c u l a r  a ~ i s  ~ i t h  

r e s p e c t  t o  a l a b o r a t o r y - f i x e d  c o o r d i n a t e  s y s t e m  . 1-3 

C o n s e q u e n t l y ,  a g e n e r a l  p a i r  i n t e r a c t i o n ,  V (  1 , Z )  , 
between a x i a l l y  s y m m e t r i c ,  r i g i d  m o l e c u l e s  d e p e n d s  o n l y  on 

t h e  i n t e r m o l e c u l a r  s e p a r a t i o n  r and on t h e  o r i e n t a t i o n s  R ,  

and  R, of t h e  m o l e c u l e s  1 and  2 ,  r e s p e c t i v e l y .  I t  c a n  be  

w r i t t e n  as 

--f 
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192/[628] L. Longa and J .  I ion ior  

L L' 
m l  

where 1 are  t h e  3 j - symbol s  and  where Y,", are  t h e  
< 

s p h e r i c a l  h a r m o n i c s .  Fo r  t h e  n o n c h i r a l  m o l e c u l e s  L + L '  + J 

must  be e v e n .  I d e n t i c a l  m o l e c u l e s  a d d i t i o n a l l y  s a t i s f y  V L L I J  

= ' L 'LJ '  
S i m p l e r  f o r m s  o f  t h e  i n t e r m o l e c u l a r  i n t e r a c t i o n s  t h a t  

depend on t h e  r e l a t i v e  o r i e n t a t  i o n  be tween  t h e  m o l e c u l a r  
l o n g  a x e s  o n l y ,  haL-e i n t e n s i v e l y  been  s t . u d i e d  so f a r  . I n  

t h i s  case of s o - c a l l e d  s e p a r a b l e  p o t e n t . i a l s ,  t h e  

i n t . e r m o l e c u l a r  i n t e r a c t i o n  is  i n d e p e n d e n t  o f  t h e  o r i e n t a t i s n  

o f  t h e  r a d i u s  v e c t o r  c o n n e c t i n g  m o l e c u l a r  c e n t e r s .  F o r m a l l y  

i t  c o r r e s p o n d s  t.o J = Y = 0 i n  t h e  e x p a n s i o n  ( 1 ) .  

4 - 7  

O u r  p u r p o s e  h e r e  i s  t o  i n v e s t i g a t e  t h e  i n f l u e i ; c e  of  

n o n s e p a r a b i 1 i t . y  o f  t h e  d i s p e r s i v e  i n t e r a c t  i o n s  on t h e  

n e m a t i c - s m e c t i c  X t r i c r i t i c a l  b e h a v i o u r  x i  t h i n  t.he frame o f  

t h e  mean f i e l d  a p p r o a c h .  I n  t.he l o w e s t  o r d e r  t h e  n o n s e p a r a -  

b - i l i t y  i s  d e s c r i b e d  by t h e  t e rms  ( 1 2 , L ' l J )  = ( 2 , 0 , 2 ) ,  ( 0 , 2 , 2 )  

i n  ( 1 ) .  While  t h e s e  t.erms are  not. n e c e s s a r i l y  d i r e c t 1 . y  

r e s p o n s i b l e  f o r  t h e  s t a b i l i t y  of  v a r i o u s  smec t i c -A  phase :s ,  

t h e y  m a y  i n f l u e n c e  t h e  c h a r a c t e r  o f  t h e  phase  t r a n s i  t . i G n s .  

THEORY 

I n  o r t h o g o n a l  smect ic  A p h a s e s  o n e - d i m e n s i o n a l  d e n s i t ? ;  w a x - e  

o f  t h e  m o l e c u l a r  c e n t e r s  i s  formed i n  t h e  neniat . ic back-  

groiund, p a r a l l e l  t o  t h e  d i r e c t o r ,  s a y  z - d i r e c t i o n  o f  a 
2,8 cartesiari c o o r d i n a t e  s y s t e m  . Among t h e s e  w e  d i s t i n g u i s h  

t h e  c l a s s i c a l  s m e c t i c  A ( S A )  and a n t i f e r r o e l e c t r i c  s m e c t i c  

A 2  ( S A 2 )  p h a s e s .  I n  t h e  SA p h a s e  t h e  l a y e r  t h i c k n e s s  i s  

( n e a r l y )  e q u a l  t o  t h e  l e n g t h  l of  t h e  f r e e  m o l e c u l e  i n  t h e  

a l l - t r a n s - c o n f o r m a t i o n s  w h i l e  i n  t h e  SA2 phase  a d o u b l i n g  o f  

p e r i o d i c i t y  i s  o b s e r v e d  compared w i t h  t h e  SA.  T h i s  

o b s e r v a t i on i s  i n t e r p r e t e d  as a l o n g - r a n g e  , 
a n t i f e r r o e l e c t r i c  o r d e r i n g  o f  n e i g h b o u r i n g  s i n g l e  1 a : " e r s .  

,. 

An a t t r a c t i v e  f e a t u r e  c o n n e c t e d  w i t h  SA and SA2 p h a s e s  

i s  t h a t  t h e  a s s o c i a t e d  p h a s e  t r a n s i t i o n s  t.o r i e m a t i c  phase  

may be o f  t h e  f i r s t  or t h e  second  o r d e r .  F u r t h e r m o r e ,  a t  t h e  

t r i c r i t i c a l  p o i n t  many c h a r a c t e r i s t i c s  a r e  similar t o  t h o s e  

o b s e r v e d  f o r  c l a s s i c a l  t r i c r i  t i c a l  p o i n t s  . T h r i s  , n;eari Y 
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S e m a t i c  Smect ic-A t , r i c r i t i c a l  p o i n t s  [629]/193 

f i e l d  t h e o r i e s  c a n  be  u s e d  t o ,  a t  l e a s t ,  c l a s s i f y  p h a s e  

d i a g r a m s  and  c o r r e 1 a t . e  t . h e i r  f e a t u r e s  w i t h  m o l e c u l a r  

p r o p e r t . i e s .  

An import ,ant .  i n g r e d i e n t  of  s u c h  t h e o r i e s  i s  t h e  

o n e - p a r t i c l e  d i s t r i b u t i o n  f u n c t i o n  Pi 1 1 .  For. smectic A 
p h a s e s  P(1) c a n  be  p a r a m e t . r i z e d  u s i n g  0 and z o n l y ,  where 0 

i s  t h e  a n g l e  be tween z and  t h e  l o n g  m o l e c u l a r  a x i s .  The 

a n t i f e r r r o e l e c t r i c  symmetry a d d i t i o n a l l y  i m p l i e s  t h a t  

A 

7 

where 2 d  i s  t h e  d o u b l e  l a y e r  s p a c i n q  ( 

e x p a n s i o n  o f  P ( 1 )  i n  terms o f  YL and F o u r i e r  se r ies  

d * l )  o f  A 2  p h a s e  

The r e s t r i c t i o n s  ( 2 a )  l e a d  t o  t h e  o r d e r  p a r a m e t e r  

m 

L = l  n = l  

L , n i l  

b h e r e  P s a t i s f i e s  s t a n d a r d  n o r m a l i z a t i o n  c o n d i t i o n  and  where  

I X L  .n n L , n  
7 } p (CL,n,T)L.c  ,g } are t h e  o r d e r  p a r a m e t e r s  . 

F o u r  d i f f e r e n t  p h a s e s  a re  d e s c r i b e d  by t h e  d i s t r i b u t i o n  

( 2 ) :  A .  I s o t r o p i c  : a l l  o r d e r  p a r a m e t e r s  v a n i s h  , B. N e m a t i c  

= 0 ;  and  D .  : o n l j  QzL # 0 ;  C .  Smect ic -A:  o n l y  

Smect ic-A : all o r d e r  parameters a r e  n o n z e r o .  Only t h e s e  

p h a s e s  can min imize  a f r e e  e n e r g y  f u n c t i o n a l  when t h e  

r e s t r i c t i o n s  ( 2 a )  a re  imposed .  

L+ 1 , Z ” +  1 

2 

The c a l c u l a t i o n s  o f  t r i c r i t i c a l  p o i n t s  f rom s u c h  

t h e o r i e s  r e q u i r e  t h e  use o f  advanced  compute r  t e c h n i q u e s .  

These  c a n  c o n s i d e r a b l y  be  s i m p l i f i e d  by u t i l i z i n g  t h e  method 

p roposed  e l s e w h e r e  . By s u b s t i t u t i n g  t h e  e x p a n s i o n  ( 1 ) 

i n t o  t h e  m e a n - f i e l d  f r e e  e n e r g y  w i t h  t h e  s o f t  p a r t  o f  t h e  

i n t e r a c t i o n  a p p r o x i m a t e d  hy t h e  terms ( L L ’ J )  = (1101, ( G O O ) ,  

( 2 2 0 ) ,  ( 3 0 2 ) ,  and  ( 0 2 2 )  and  by u s i n g  t h e  method d e s c r i b e d  

6 , 7  

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
34

 1
9 

Fe
br

ua
ry

 2
01

3 



194/[630] L .  Longa and  J .  Kon io r  

i n ,  ue  f i n d  t h e  r e s u l t i n g  t o p o l o g i e s  o f  t h e  n e m a t i c - s m e c t i c  

p h a s e  d i a g r a m s .  They depend  on  four e f f e c t i v e  model 
parameters V o ,  V 2 ,  V l  and  V n ,  and  on  r e d u c e d  t e m p e r a t u r e  t = 

= -Jd3: ~ ~ ~ , ~ ( r )  cos(2? '~zm/2d)  kBT/I~IV22001 1 ,  where vLL ' J m  

v l l o l / l ~ r ~ ~ ~ o l  * Vn = v 2 0 2 2 / ' V 2 2 0 0 ~  = v ~ 2 2 2 / ' v ~ 2 ~ ~ '  * The 

above  p a r a m e t e r s  c a n  be i n t e r p r e t e d  as  t h e  a v e r a g e d  e n e r g i e s  

o f  t h e  s y s t e m ,  a s s o c i a t e d  w i t h  t h e  p u r e  s t a t e s  d e s c r i b e d  by 

t 2 ,  o ~ , ~ ,  and < 1 , 1 ,  r e s p e c t i v e l y ,  r e l a t i v e  t o  t h e  s t a t e  

a s s o c i a t e d  w i t h  q 2 .  The parameter Vn i s  a measu re  o f  

n o n s e p a r a b i l i t y  o f  d i s p e r s i v e  i n t e r a c t i o n s .  I t  a l l o w s  t o  

d i s t i n g u i s h  be tween  2 -pa r t i c l e  c o n f i g u r a t i o n s  w i t h  f i x e d  

d i s t a n c e  be tween c e n t e r s  o f  m a s s  o f  t h e  m o l e c u l e s  and  w i t h  

f i s e d  

7 

and where  vo = v o o o 2 / ~ v 2 2 0 0 '  9 L-2 = v 2 2 0 2 / ' ~ r 2 2 0 0 1  1 v1 = 

r e l a t i v e  a n g l e  R,, between t h e  l o n g  m o l e c u l a r  a x e s .  

I n  o r d e r  t o  s t u d y  t h e  e f f e c t  o f  V n  on  t h e  s t a b i l i t y  o f  

t h e  smect ic -A o r d e r i n g ,  w e  pe r fo rmed  more g e n e r a l  

c a l c u l a t i o n s  o f  t h e  n e m a t i c - s m e c t i c  c r i t i c a l  t e m p e r a t u r e s  

u s i n g  t h e  f o r m a l i s m  d i s c u s s e d  i n ' .  I t  y i e l d s  
2 2  2 

0 v t + ( r iZ2-  ri, ) V n  + 2v2Vnt  - t 

2 

2 2  2 (NS t r a n s i t i o n )  
2 A 

3a ) iQzz- 0 p  - t \-o = 

( 3b ) 
7 v1 3 t / (2 r -1 ,  t 1 )  (NSA2 t r a n s i t i o n  ) 

L 

0 where t12=q2(t)= < Y: > is  t h e  n e m a t i c  o r d e r  p a r a m e t e r  
2 2  0 c a l c u l a t e d  i n  t h e  n e m a t i c  p h a s e  and  where  qZ2 = < (  Yo) > . 

A T y p i c a l  r e s u l t s  o f  t h e  n u m e r i c a l  c a l c u l a t i o n s  f o r  t h e  NS 

p h a s e  t r a n s i t i o n  a r e  shown i n  F i g u r e  1 .  I n  g e n e r a l ,  t h e  

c r i t i c a l  t e m p e r a t u r e  i s  lowered  as compared w i t h  t h e  case i' n 
= 0 .  C o n t r a r y  t o  what  w a s  f ound  f o r  t h e  c l a s s i c a l  NSA 

t r a n s i t  i o n  , t h e  NSA2 c r i t i c a l  t e m p e r a t u r e  i s  i n d e p e n d e n t  o f  

VI1 and i s  c h a r a c t e r i z e d  by a h i g h  d e g r e e  of  u n i v e r s a l i t y ,  

E q , ( 3 b )  .The t r i c r i t i c a l  v a l u e s  o f  model p a r a m e t e r s  are 

i l l u s t r a t e d  i n  F i g u r e s  2 - 3  ( f o r  compar i son  see a l s o  1 .  
7 

The r e s u l t s  as g i v e n  i n d i c a t e  t h e  i m p o r t a n c e  o f  t h e  

n o n s e p a r a b i l i t y  o f  d i s p e r s i v e  i n t e r a c t i o n s  on  t h e  c h a r a c t e r  

o f  t h e  NSA p h a s e  t r a n s i t i o n .  A s  s e e n  from F i g u r e s  2 - 3  t h e  
s e n e r a 1  t r e n d  i s  t h a t  n o n z e r o ,  p o s i t i v e  value o f  V s h i f t  n 
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Nematic  Smect ic-A t r i c r i t i c a l  p o i n t s  [631]/195 

t h e  t r i c r i t i c a l  t e m p e r a t u r e  t o  h i g h e r  v a l u e s .  

VN =-0.05(------), O.O(-), 0.05(- -1. 
1 .o 

f t 
2 

0.5 

I- 

0.0 

FIGURE 1 .  Nematic-smectic A c r i t i c a l  t e m p e r a t u r e  f u r  

n o n s e p a r a b l e  i n t e r a c t i o n s .  Curves  l a b e l e d  .A, B ,  C ,  D ,  

arid E c o r r e s p o n d  t o  l7 = 1 . 0 ,  0 . 5 0 ,  0 . 0 ,  - 0 . 5 0 ,  and  - 1 . 0  

r e s p e c t i v e l y .  
L 

VN =-0.05(~), O . O ( o ) ,  0.05(~). 
l.00 d ' o  ' A '  ' ' ' ' ' ' 

0 

0.95 - 
- < 
\ 
I F 

0.90 I- 

on",' t 

F I G U R E  2 .  Nematic-smectic A t r i c r i t i c a l  t e m p e r a t u r e  

for n o n s e p a r a b l e  i n t e r a c t i o n s  f o r  d i f f e r e n t  v a l u e s  o f  V N  
and V2. V a l u e s  o f  V z  d e c r e a s e  from l e f t  t o  r i g h t  and  

two a d j a c e n t  p o i n t s  d i f f e r  i n  V 2  by 0 . 0 2 .  
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196/[632] L. Longa and J. Konior 

VN =-0.05(------), O.O(-), 0.05(- - ). 

V O  

FIGURE 3. Nematic-smectic A2 tricritical temperature 
for nonseparable interactions for different values of 
V N  and V2. Curves labeled A, B ,  and C correspond to V = 

0 . 5 ,  0 . 0 ,  and - 0 . 5  respectively. 
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